TMA1101Calculus, Trimester 1, 2017/2018 Topic 1: Functions

TOPIC 1: FUNCTIONS

1.1 What is Calculus?

“Calculus is the study of how things change. ltyides a framework for modeling systems in
which there is change, and a way to deduce thagti@ts of such models.”
(Calculus for Beginners and Artists by Daniel kiean)

Calculus is Divided into Two Categories

VAN

Differential Calculus Integral Calculus
(Rate of Change) (Accumulation)

Fundamental Theorem of Calculus
(Connects Differential and Integral Calculus)

B mathscoop.com

Go to YouTube to view the video(s) “What is cal@il

Sources: S* = Stewart’s Calculus P agelof 13
T* = Thomas’ Calculus
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1.2 Numbers and Intervals

Real numbers

Natural numbers(N) : 1, 2,3,4, ...

Integers(lorz):...,-4,-3,-2,-1,0,1,2,3,4, ...
Natural numbers iategers too.

Rational numbers (Q) : Any number that can be written as an intetjeided by a non-zero
integer. Integers are rational numbers too.

Some examples of rational numbers ag’e % ,32= 32 ,023= 230 = -> = <3

1 10’ 3 3 -3
Real numbers (R):
Some examples afrational numbers are J2,4/15,1+4/3,%/10, 77,e,sin15°

The rational and irrational numbers together cosgwhat is called thesal number system.
The rational numbers and irrational numbers aresall numbers.

The real numbers can be represented by pointdina.a

Complex numbers

Numbers of the forma +bi wherei = \/—_1.

Note that every real numbariis also a complex number because it can be widsen
a=a+0i.
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Complex numbers:
a+ bi, where | = v-1

—

Real numbers:

Rational and irrational numbers

Rational 7 7 23 3

=, L = {]_[9’ —
numbers: 37 57 1 2
Integers:

=4, -3,-2,-1,0,1,2,3. 4, ...

MNatural numbers:
1,2.3.4.5. ...

|ntervals

Notation Set description Picture

(a, b) {x|a<x< b

[, b] x|a<x<0) .

[a, b) {x|asx< b} .

(a. b] [x|a<x< B .

(a. ) {x|x>a} X

[a, =) {x|x=a} .
a

(=2, b) {x]| x< b}

(==, b] {x|x=<b}

(—o, =) R (set of all real numbers)

Herea andb are real numbers wita <b.

(S%)

[Someterms: finite interval, infinite interval, endpoints¢bndary points), open, closed,

half-open.]

Although the symbobo (“infinity”) is used in some of the notationsjgidoes not mean that
o is a numbere is NOT a real number.
For example, the notatiofa,«) stands for the set of all numbers that are grehtera, so

the symbolo simply indicates that the interval extends indédiy far in the positive

direction.
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1.3 Functions

When the value of one variable quantity, gagepends on the value of another
variable quantity, which we might cadl We say thaty is a function of" and write this
symbolically as

y=1f X )("yequalsf of x").
In this notation, the symboékepresents the function, the letkas theindependent variable
representing the input value foindy is thedependent variable or output value off X )

! —— [X)
Input Output
{domain) {range)
(T%)
Seeing function as a machine.

DEFINITION. A function f from a setDto a setE is a rule that assigns to each
elementx[J D a unique (exactly one) elemeh{x) O E.

The elementf X )s called thevalueof f at x, and is readf‘of x.”

. E (S*)

We usually consider functions for which the sBtand E are sets of real numbers.
The setD is called thedomain of f while the setE is thecodomain of f ; therangeof f is
the set of all possible values 6f x (ayx varies throughout the domain.

Thegraph of f is the set of ordered paiféx, f (x))| x D}

(Notice that these are input-output pairs.) In pthierds, the graph of consists of all
points .y )in the coordinate plane such that f x &npxis in the domain of.

Four possible ways of representing a function:

* Verbally (Describe in words)

* Numerically (Use a table of values)

e Graphically/Visually (Use a graph)

» Algebraically (Use formula(s) or ehyaic expression(s))

To specify a functio you must

(1) give a rule which tells you how to compute tadue f & )of the function for a given

real numbex, and
(2) say for which real numbexghe rule may be applied.
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Examples:
(i) 09 =x°

Values of f (-2), f (0), f (3)?
What is the domain of ?
Graph off ?

(i) g(x) =+

Values ofg(-2),9(0),g (37
What is the domain ofy ?
Graph ofg ?

When we define a functiog = f x( with a formula and the domain is not stated exgpfior
restricted by context, the domain is assumed tihddargest set of reatvalues for which
the formula gives reatvalues, the so-callegatural domain.

(i) h(x) = x3, for xO[-22]
Values ofh(-2),h(0),h (3)?

What is the domain ofi ?
Graph ofth ?

Find the domain of each function. Write the domaithe form of an interval or union of
intervals.

f(x) _1

X
909 =v9-x
h(x) =v4-x*
m(X) =+ x+3
n(x) = X% — 2x
p() =~

| X]

Graphing a function. You get the graph of a functiédnby drawing all points whose
coordinates arex(y) wherex must be in the domain 6indy = f & ).

Graph of f ={(x, f (x))|xOD}
It consists of all points in the coordinate plaoelsthatx is in the domain off and

y=1(x).

P age5o0f 13
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As (x, flx) )
/
\ / L filx)
fi2)
H fily
0 1 2

TheVertical Line Test

Given a curve in thgy-plane, it is the graph of a functionyoif and only if no vertical

line intersects the curve more than once.

Examples:
y ¥ ¥
— —._1\ //_,.,-— I —-u\.\\
|'/ II'I | .I _{ |]
1] 0 T 1 0 ’ \ 0 7
. \-.. _____/
Wt Ly =1 i)y = W1 =gl €) v==t1 = x?
(™

(5%
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Piecawise Defined Functions

DEFINITION. A piecewisedefined function is a function which is defined symbolically
using two or more formulas.

Examples. Sketch the graph of each function

) .
F(x) = X _|fx<2
1+x if x=2

x if0sx<2
g(x)=<4-x if2<x<4
0 if x>4

x ifO0sx<2
h(x) =44-x if 2<x<4 (Isthis a function?)
0 if x=4

X if0sx<2
h(x) =44—-x if 2<x<4 [Explain why this is NOT a function?]
2 if x=4

Even Functions and Odd Functions: Symmetry

Definitions

A function y = f (X) is an
even function of x if f(-x) = f(x)
odd function of x  if f(-x)=-1f(x)
for everyx in the domain of.

¥ ¥

NN I
fi—x] H \ (2 fix) . o fixh
-x 0 " x x '_.-'Zf x x
\ i f.t.-"

(@) (b)

(S%)
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X (=1, =¥ _;*'.'

® ()

The graph of aeven function issymmetric about the y-axis.
The graph of andd function issymmetric about the origin.

Examples
(i) f(X)=1-x*: f(-x)=1-(-x)?> =1-x* = f (x). Thereford is an even function.

(i) g(¥) =x>+x: g(=x) = (=%)° +(=X) = =X’ =x = ~(x’ + X) = =g(x)

Conclusion?
(i) h(x) =x-x*: h(-x) =(-X) = (-X)? = -x-%*
-h(X) =—=(x—x?) =-x+x°
Sinceh(x) # h(=x ) his not an even function.
Sinceh(-x) # —h(=x ) his not an odd function.
We conclude thdt is neither even nor odd.
Increasing and Decreasing Functions
Definitions
A function f is said to beéncreasingon an interval | if
f(x,) < f(x,) wheneverx, <x, in|.
A function f is said to belecreasingon an interval | if
f(x)> f(x,) wheneverx, <x, in | .
Example
77 Given the graphs dfandg,
- (i) on what interval i$ increasing?
P B E'f (i) on what interval igy decreasing?
r;_." 2 "
¢ 0 2 l‘.\'-.. 'H-
e

(S%)
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Common functions:

Constant functions

Linear functions

Power functions

Polynomials

Rational functions

Algebraic functions - Any function constructed frggolynomials using algebraic operations
(addition, subtraction, multiplication, divisiomataking roots)

Trigonometric functions

Exponential functions

Logarithmic functions

Combining functions

Functions can be added, subtracted, multiplied,dawided (except where
the denominator is zero) to produce new functions.

If f andgare functions, we define

functions f +g,f —g and fg by the formulas
(f +9)(¥) = f(x) +9(x)

(f —9)(¥) = f(x) - 9(x)

(fg)(x) = f (X)g(x) for xOD(f) n D(g).

Notice that ther sign on the left-hand side of the first equatigoresents the operation of

addition offunctions, whereas the on the right-hand side of the equation means amhddf
the real numberd x( and g & ).

We can also define the functioih/ g or Al by the formula
g

(ij(x) :M for xOD(f) n D(g) with g(x) # 0.
g 9(x)

Functions can also be multiplied by constants:

If cis a real number, the functiath is defined by(cf )(x) =cf X )for xOOD(f).

¥ o |+ 1:-:I.Il__ I+

.-"'.
4F Ty = pix)
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Another way of combining functions

DEFINITION. If f and gare functions, theomposite function f o g (“f composed
with g”, also called theomposition of f andg ) is defined by

(feg)(¥) =1 gx())

The domain off o g is the set of alk in the domain 0§ such thatg X )is in the domain
of f.. In other words( f - g)(x i defined whenever both x (aphd f @ & ))are defined.

T — £ 2(x) [ — i)

(T%)
Examples:
If f(x)= Jx and g(x) =+¥3-x, find each function and decide on the domain.
[Note that D(f) =[0,c )and D(g) = (o ,3]]

@ foeg  (b)gof (€) fof (d) g-g

Solution.

(@) (o)) = f(g(9 = f(y3—x)=y3-x =43-x
The domain off o g is {x|3—-x=0} ={x|x <3} = (- 3]
(b) (g f)(x) = g(f (%) = g(vx) =+/3-x

FOI’\/; to be defined, we need= 0. For \/3—\/; to be defined, we neéﬂ—& >0,
i.e.,\/;SS, or0sx< 9.

Thus the domain af- f is [0,9].

NOTE: From the above example, you can see that, in genkesag # go f .
Rememberthe notationf - g means that the functiog is applied first and thehis applied
second.
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1.4 Transfor mations of Functions

Shifting, scaling and reflecting a graph of a function

[DO NOT memorize the following tables. We shall discuss in class how to remember all the
ideas in the following tables without memorizingsttmemorizing will not help; you will get
confused. The ideas are remembered through unddnsta Whenever needed, the
appropriate idea will surface through understandjng

Vertical shift To obtain the graph of Shift/translate the graph of
y=f(x)+c y = f(X) a distance of
units upward

(Negativec would mean
“| c| units downward.”)

Horizontal shift | To obtain the graph of Shift/translate the graph of
y=f(x+c) y = f(X) a distance of
units to the left.

(Negativec would mean

“| c| units to the right.”)

Examples

Add a positive Add a negative
conslant W x. - consanl Wy x,
- ,-"" v=ix + 3)? \ fy= 2 fy=(x—2)7
L A . \
-2 0 I 2 '\_..
= Tl 2 units
3= ] ] ] .

(™)

Discuss how the graph of =| x— 2| - cBn be obtained from the graphyf x | |

¥

(T)

P agellof 13
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Vertical and Horizontal Scaling and Reflecting

Vertical Scaling | To obtain the graph of Rescale the graph of
(c>0) y =cf (X) y = f(x) vertically by a
factor ofc.
(c>1 would mean
stretching while c< 1
would mearshrinking.)
Horizontal To obtain the graph of Rescale the graph of
Scaling y = f(cx) y = f(x) horizontally by a
(c>0) factor ofc.
(c>1 would mean
shrinking while c< 1
would mearstretching.)
Examples
Y4 y=12cosx Vi
21 '/}r—mn 24 y=cos—X
f,.l =+ "){,.- —y= 1— Cos X / — ,__.:1_-- l L
? e Sy Sy Ny A
] 1 N 7 v 0 J ) X
L 4 ¥=C05X
y=coslx
(&)
¥
5 o y=V3x
4 ik ' -
- COmMpress —
] 2 — I —-'-__.-,' = \"‘_‘[
o _—stretch _____ _
= 1 #___.--""______———___ v= ",,."_r__.-'g
1 - | - fﬂl_ | | | T
1 1 1 1 I . -1 0 1 2 3 4
10 1 2 3 4 (T*)
P agel120of 13
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Reflecting across | To obtain the graph of Reflect the graph of
the x-axis y=-1(x) y = f(x) across the-axis.

Reflecting across | To obtain the graph of Reflect the graph of
they-axis y=f(-%) y = f(X) across thg-axis.

Example

Discuss how the graph of =1-sinx can be obtained from the graph pE sinx.

(5%

Another transformation of some interest is takimg &bsolute value of a function. Given the
graph ofy=f &), how do we obtain the graph gf=| f x (?)|

X !f x20. Then|f(x)|:{ f(X) !f f(x)=0
-x if x<0 -f(x) if f(x)<0
For the graph ofy =| f X )|the part of the graph of = f x(that lies above the-axis
remains the same, and the part that lies below-thes is reflect about theaxis.

Recall that| x| :{

Sketch the graph of the function=|x* - .1|

(nby, Jun 2017)
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